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By imposing a special symmetry, we are able to construct index four triangular 
embeddings of graphs in compact orientable Smanifolds. Because of the com- 
plexity of the current graphs required, such embeddings have heretofore been 
unattainable, but the imposed symmetry reduces the prob!em to constructing a 
special kind of index two current graph. We illustrate the method with a solution 
for case zero of the Heawood conjecture, using an abelian group, thus com- 
pleting a constructive proof of the Heawood map color theorem, and eliminating 
the need for Galois field theory and nonabelian groups in its solution. The method 
has also been used in the determination of the genus of K,,,,,,,., . 
1. INTRODUCTION 
A rotation (scheme) for a graph produces an orientable triangular embed- 
ding of the graph if and only if it satisfies 
E A”: If in line iwe have 
i. . ..j k . . . . 
then in line k we have 
k. -..ij... . 
The method of current graphs has been highly successful for obtaining 
triangular embeddings of graphs [4, 5, 6, 71. t% group G is chosen whose 
elements represent the vertices of the graph being embedded. We restrict 
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ourselves in this article to cyclic groups whose order is a multiple of 
four. 
Our thanks go to Doris Heinsohn for her expert drawing of the figures, and 
to the referee for many helpful suggestions. 
2. CURRENT GRAPHS AND INDEX FOUR EMBEDDINGS 
We assume the reader is familiar with graph rotations, induced circuits, 
current graphs, and embedding schemes. An excellent reference for this 
material is [4, Sets. 2.2, 2.3, 5.11. Consider the current graph in Fig. 1, 
where the two ends labelled E are to be identified, likewise the two ends 
labelled F, and the group is ZIz . The rotation induces four circuits, labelled 
[0], [l], [2], [3]. We have the following logs for the circuits: 
[O]. 11 8 9 1 4 3 6 2 7 5 10 
ill. 1 4 3 11 8 9 6 10 5 7 2 
[2]. 11 1 2 7 5 10 4 8 6 9 3 
131. 1 11 10 5 7 2 8 4 6 3 9. 
F 
101 I 2 [II 6 3 1 [21 
FIGURE 1 
We then use the following addition rule to generate the twelve lines of the 
scheme. Note that it is crucial here that the order of the group is a multiple 
of four. 
ADDITION RULE: For each group element i = a, mod 4, where 
0 < a < 3, the row i is obtained from the log of circuit [a] by adding i 
to each element of the log. 
One can check that the result is a scheme for K,, satisfying d *, and thus 
produces an orientable triangular embedding of Kl, . This was in fact 
ensured because the current graph of Fig. 1 satisfies the following construc- 
tion principles (those of an index four current graph, i.e., one whose scheme 
has four generating rows). Readers familiar with current graphs of index 
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two and three [4, Chap. 91 will recognize these principles and t 
Rule as a natural extension of those for such graphs. 
F1: Each vertex has valence three or one. 
F2: The rotation induces four circuits, labelled [O], [l], EL?], [3]. 
F3: Each element of the group, except 0, appears exactly once in t 
each circenit. 
F4: Kidz@s Curvent Law (KCL) holds at each vertex of valence three 
KCL states that the algebraic sum of the currents flowing into a vertex is 
zero. 
F5: If e is recorded by circuit [a] as it traverses an arc in the current 
graph, and circuit [b] records -c as it traverses the same arc in the opposite 
direction, then c = b - a, mod 4, and we say that [a] meets [b] along c. 
F6: Hf an arc is dead-end, i.e., has a vertex of valence one, then either: 
1) The current is of order three, or 
2) The current is of order two. 
Recall that in the latter case, we record the current only once in the log of the 
circuit traversing the arc, and in figures we omit the vertex at the end of the 
y properties F3 and F5, an carrying a current of order two is dead-end 
precisely when the element of order two is a multiple of fcmr (cf. Fig. I). 
As with current graphs of index two and three, one can prove that Fl 
through F6 guarantee a scheme for Kn satisfying B *, but we will not do this, 
Instead, motivated by the symmetry in the index four current graph of Fig. 1, 
we will use a similar set of principles defining a new type of currelnt graph 
having only two circuits. But with a modified addition rule thais generates an 
index four scheme for Km which satisfies A ** 
3. CURRENT GRmm wm13 TmsEs 
Notice that the current graph in Fig. 1 is symmetrical a a horizontal 
line through the middle, except that ah currents and rotat are reversed. 
This means that all the information in the current graph is contained in its 
lower half. Also we obtain the log of circuit [l] from that of circuit &I], and 
that of [3] from [2], by replacing each element in the log by its negative. 
So we consider a new type of current graph (Fig. 2) consisting only of the 
lower half of the graph in Fig. 1. Where an arc wonld normally cross the 
horizontal line of symmetry we terminate it and mark the end with a short 
horizontal line, called a table. The ends labelled E are to be identified, but 
notice the two parts of this arc (far left and far right) rying the current 1 
have opposite orientations. We call such an arc broken. now describe how 
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the two circuits [A] (corresponding to the old circuits [0] and [l]) and [B] 
(corresponding to [2] and [3]) are to traverse this broken arc, the tables, 
and the other arcs of the graph. 
IA1 I 2k31 5 2 6 3 I [Bl 
FIGURE 2 
Each circuit will have two possible behaviors, normal (solid line) and 
alternate (dashed line), and the behavior changes in the following way as 
the circuit traverses the graph. A circuit follows the rotations at the vertices 
as before. But when a circuit traverses a table, it changes behavior when 
passing the table at the end of the arc, before returning along it (Fig. 2). In 
addition a circuit changes behavior when it passes the middle of a broken arc 
(Fig. 2). 
Now we explain how the log of a circuit is recorded. The log of a circuit 
in normal behavior is recorded as before, positively if the arc is oriented in 
the direction of the circuit, negatively otherwise. But if the circuit is in 
alternate behavior, we do the opposite, recording the negative of the current 
if the arc is oriented in the direction of the circuit and recording the positive 
current otherwise. Thus changing behavior in the middle of the broken arc 
determines uniquely the group element recorded in the log of the circuit. 
Since the orientation of the arc is different on each side of the break, we will 
record the same signed current no matter which half of the arc we refer to. 
Likewise when a circuit traverses a table, a single value is recorded for the 
current, since sense and behavior are both reversed. 
In Fig. 2, we begin our two circuits as shown at the left of the new graph, 
[A] going to the left, [B] to the right. If we record the logs of the two circuits 
[A] and [B] using the new rules, we obtain 
[A]. 11 8 9 1 4 3 6 2 7 5 10 
[Ii]. 11 1 2 7 5 10 4 8 6 9 3. 
Notice that the [A] log is identical to the [0] log in the original index four 
solution, and the [B] log is identical to the [2] log. In fact the old circuits 
[0], [I], [2], [3], correspond to [A], [A”], [B], [B], where bars and tildes denote 
normal and alternate behavior respectively. 
We let this correspondence define a bijection y of the four possible circuit 
behaviors (A, & B, B} onto (0, 1, 2, 3). Thus normal behavior is even and 
alternate behavior is odd via the bijection. 
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The new current graph with tables calls for modification of constru~ti~ 
principles F2, F5, and F6, and a slightly modified addition rule; we prove 
that these modifications produce a scheme for K% which satisfies d*. 
F2*: The rotation induces two circuits, [A] and LB]- 
F5*: Identify the possible circuit behaviors with the numbers 0, 1, 2, 3 via 
the bijection y, and apply F5. That is, if XE (2, & 9 B”) meets Y along an 
arc with current c, then c = v(Y) - q&X), mod 4. S F5” controls not only 
which circuits meet along a given arc, but also their behavior. 
F6*: Pf an arc is dead-end, then either 1) or 2) of F6 holds, or 3) the arc 
has a table which the circuit traverses in the way already described, and the 
circuit and current satisfy F5*. 
e also need one new construction principle: 
F7: An arc may be broken in the middle, provided the orientations 
the two parts of the arc are opposite and one element of the group is ass 
to the arc as a whole. Again, the circuits traverse the arc as described 
and F5* must be satisfied on each part of the arc, 
To obtain all the rows of the scheme from the logs of [A ] and [.B] we define 
DITION RULE (MAR): We define four rows. [Q] is the 
log of [A j and [2] is the log of [B]. [1] and [3] are the same as [A] and e3], 
but with each element replaced by its negative. Now apply the original 
Addition Rule to these four rows to obtain the scheme. 
THEOREM. lj’ a current graph satisfies the ~~~stru~t~~~ primiples F1, F2* 
F3, F4, F5*, F6*, F7, the circuits behaz;e as described, and a scheme is co+ 
strutted with the MA then the scheme is for & and satisfies d *. 
m)uooS. We define a projection map #:(A, 2, B, > -+ (A, B) which maps 
each circuit behavior to the circuit of which it is a pa.rt. Thus 
ule F3 ensures that the logs of [A] and [B] contain each nonzero element 
of the group exactly once. The MAR then ensures that the same is true for 
[O], [l], [2], [3], and that in general row i will contain each element of the 
group except i exactly once. This means the resulting scheme will be for dim ~ 
If a tierent principle F3 were substituted, the new construction principles 
could be used to create index four triangular embe~di~gs of graphs other 
than the complete graph. This has in fact been done by M. ~~~gerrna~ in. 
determining the genus of &,,,,, . 
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Now we prove that A* is satisfied. Suppose that in the scheme we have 
. 1. .ne jk .s.. 
,Choose 0 < a, b < 3 with i z a, mod 4, and b = k, mod 4. Then 
[al. ***j-i k - i ... . 
BY the MAR, ~&P-Y a >> records (- l)“( j - i), (- l)“(k - i) as it passes some 
vertex. Let X be the circuit behavior of #(+(a)) as it passes the vertex. By 
the vertex has valence three or one. 
Case I. valence three. 
(-I) 0(X)+ a (k-i  
x Y 
;-;I,; 0(X)+a i-1) (j-i) l-11 0(Xl+a 0-k) 
FIGURE 3 
First note that Z/J(X) = #(y-‘(a)). Fig. 3 occurs (the argument is identical 
if the vertex has a counterclockwise rotation), where Y is the circuit behavior 
of the other circuit, and we use wiggly lines since we don’t know whether 
the circuits have normal or alternate behavior. Thus 
[W>l* *** (-1) m(Y)+m(X)+a(i - k) (- l)m(Y)C~Ll')+a(j - k) e ss . 
Now by F5”, 
q(Y) - q&Y) = (- l)m(x)+a(k - i), mod 4. 
Using the definition of a and b, this yields 
&O + a = dn3 + b, mod 2, 
and hence, again from (l), 
(1) 
(2) 
y(Y) - (-lp(Y)+bb = y,(X) - (- l)@(x)+aa, mod 4. (3) 
The reader may check that since #(X) = $(q-‘(a)), the right side of (3) is GZ 0 
or 1, mod 4. The same is then true of the left side, which implies that #(Y) = 
#(y-l(b)). Then by the MAR we have 
PI- . . . (-l)b+m(Y)+m(X)+a(i - k) (-l)b+m(Y)+~(X)+n(j _ k) . . . . 
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ut by (2), the exponent is = 0, mod 2, so 
satisfying B *. 
Case IL valence one. 
y F6* the dead-end arc must carry an element of order three. So j - i = 
i - k is of order three, j - i = -2(i - k), andj - k = k - i. ~ubstit~t~Q~ 
yields 
~~(~,-‘@>I. -*- (-L)a(i - k) (-I)“(4 - k) ..’ . 
y the MAR, 
*, k - i = y(X) - f&Y), mod 4, so k = i = a, mod 4, an 
k. ..a ij ... . 
This completes the proof. 
4. CASE ZERO OF THE HEAWOOD CON~~JRE 
The Heawood conjecture [l, 4, 5, 4, 71 states that the chromatic number of 
the compact orientable 2-manifold of genus p is the largest integer not greater 
than (7 + (1 + 48p)ll”)/2. To solve case zero of the conjecture [4, 8] one 
must show that an orientable triangular embedding of KIZs exists for every 
natural number S. 
We first show that embeddings of index one, two, or three do not exist if 
one uses the group ZIZS , and then show how to construct index four table 
solutions using this group. In fact, H. Mahnke [2, 31 has shown that index one 
triangular embeddings of KIZS do not exist using any abehan group. 
the reader is familiar with global Kirchhoff’s Current Law (global KCL) 
[4, 43. 311. 
P”ROPOSITION. Triangular embeddings of Klzs of index one, two, or three 
using the group Zles do not exist. 
Proof. 
Index One: Ss, the only element of order two, must be on a dead-end arc, 
But then global KCL cannot be satisfied as the only other element which 
can be on a dead-end arc is 4s. 
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Index Two: Since 6s is even, it must be on a dead-end arc in both circuits 
(i.e. 6s appears on two dead-end arcs). Then global KCL can only be satisfied 
if 4s is on a dead-end arc in both circuits or in neither circuit. If we let 01 be 
the number of vertices of valence three, then from the fact that in any graph 
the sum of the valences equals twice the number of arcs, it follows that 
3a = 24s - 4 or 24s - 2, both of which are impossible. 
Index Three: Since 6s is a multiple of three, it must be on a dead-end arc 
in all three circuits. Then global KCL fails since no choice for the currents 
+4s on dead-end arcs can add to 6s. 
5. A TABLE SOLUTION FOR CASE ZERO 
Note that in Fig. 2 a two-table of the type shown in Fig. 4 occurs with 
c = 2. We note that whenever c E 2, mod 4, the rotations can be chosen at 
the two vertices in Fig. 4 such that each circuit changes behavior once while 
traversing the two-table, and principles Fl, F2*, F4, F5*, F6*, and F7 are 
satisfied, provided the two circuits always meet each other with the same 
behavior along c at each end (as in Fig. 2). In addition, the log of each circuit 
will record &c and &((12s - c)/2) while traversing the two-table. Thus 
such two-tables can be fundamental building blocks for a graph in which 
F3 is satisfied (i.e. the log of each circuit records each nonzero element of 
Zlss once). If we abbreviate each two-table as a directed arc carrying current 
C 12s -c C 
2 
FIGURE 4 
IA1 I E3 6 3 I IBI 
FIGURE 5 
m, and recall that each circuit changes behavior once while passing th 
a two-table, then Fig. 2 can be abbreviated as in Fig. 5. The requiremen 
the two circuits meet with the same behavior along B reduces to the 
reqirement that F.5” be satisfied along m. 
If s is even, we can ensure that each log contains (without du~~ca~~o~~ all 
the elements congruent to 2, mod 4, and all the odd elements between 3s an 
9s, by incorporating the two-tables q , m,..., [~~, / 6s - 2 1 into th,e 
current graph. If s is odd, we can ensure that each log contains (without 
lication) all the elements congruent to 2, mod 4, except 6s, and all the 
elements between 3s + 1 and 9s - I, by using the two-tables ES 
Using such two-tables one can construct appropriate current graphs for 
all values of s. The solution breaks down into a number of cases depending 
on the residue of s. These are complicated but similar; we give the details 
only for s = 0, mod 8. Although the use of a broken are is necessary for 
many values of s (e.g. Fig. 5), we do not need it for the residue class 0, mod 8. 
We set s = 21, and therefore present a solution using the group Z&t for ali 
t = 0, mod 4. The solution for t = 4 (s = 8) is shown in Fig. 6. I-Iere the 
top and bottom horizontals are to be identified, forming one long 
line from P to Q. Then, as before, the lettered ends labelled P (resp. 
to be identified. The graph is depicted this way so that the arcs traversed 
by circuit [A] occupy the upper half of the picture and those traversed by 
circuit [B] the lower half. 
FIGURE 6 
The reader should examine this current graph closely and check that t 
construction principles are satisfied (particularly F? and F5*). In addition 
to the two-tables strung together as a horizontal, we have strung toget 
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all the odd elements from 1 to 23 as another horizontal. We have used 
Y-shaped structures called forks, whose stems carry currents which are 
multiples of 4 and whose branches carry odd currents from 1 to 23 and end 
with tables. We have also used double forks, the branches of one fork forming 
the stems of two others, and ordinary vertical rungs, whose currents are also 
multiples of 4, between the horizontals. 
FIGURE I 
Figure 6 illustrates the following discussion. Since the verification of the 
construction principles (particularly F3) is purely computational, we do not 
mention all the details explicitly for the generalization of Fig. 6 which we now 
describe. In Fig. 7, we show the generalization for all t = 0, mod 4, except 
that the graph is not complete wherever a circle is shown around the end of a 
vertical stem. The graph is a lengthening of the double ladder in’ Fig. 6, too 
long to fit on a page. The reader must first piece together the two halves 
of the Figure by identifying in pairs the lettered ends S, T, and S’. This 
yields an elongated double ladder. Subsequently, when we refer to the upper 
portion or half of the graph, we mean the horizontal ladder whose rungs lie 
above the two-tables after this initial identification (cf. Fig. 6). Likewise we 
define the lower portion or half of the graph as the horizontal ladder with 
rungs below the two-tables. The remaining identifications to be made are as 
already described for Fig. 6. Note that S and S’ are thus identified. We will 
complete each vertical stem inside its circle with either a fork or double fork 
(cf. Fig. 6) such that the circuit leaves the circular area along the stem with 
the same behavior as when it entered (this is forced by F5*, since the stems 
all carry multiples of four as currents). Thus we can ignore these stems when 
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examining the paths and behavior changes of the circuits in the rest of t 
graph. 
We leave it to the reader to verify that the graph and its rotatio 
two circuits, one traversing the upper portion of the graph (above 
tables), the other the lower portion (below the two-tables), whose behaviors 
are uniquely determined when begun as shown at left. The relevant facts in 
this verification are that in generalizing Fig. 6 we have added an even ~urnbe~ 
of two-tables to the center horizontal, an even number of vertical rungs to 
both the upper and lower halves of the graph, and have u 
rungs which carry currents = 0, mod 8 above, and cume 
below. Note that it is crucial here that t = 0, mod 4. 
To complete Fig. 7, we need only place certain remaining currents on the 
ends of forks and double forks in the circular areas. First we remark that 
if we choose currents to place on the arcs of forks and double forks such 
KCL is satisfied, then the rotation(s) at the vertex (vertices) can always 
chosen so that F5* is satisfied. So we choose those currents which are 
traversed elsewhere in the graph by a given circuit. e do this first for circuit 
(above the two-tables). Since all currents E 2, mod 4, are traversed in 
two-tables, the ones that need to be included fall into 
= 0, mod 4, and those which are odd. Those = 0, mod 
ones used on the vertical rungs of the [B] circuit, including 126 - 4. They are 
4t - 4, 4t + 12, 4t + 20, 4t + 28 )...) 12t - 4. (41 
We will match them in pairs with currents of certain of the as yet unfinishe 
stems entering circles in the upper half of the graph, so that KCL lhol 
each triple chosen with a certain choice of orientations, thus placing the 
cm-rents (4) on the stems of the upper forks of double forks whose bra~cb~s 
remain to be completed. Fig. 8 illustrates this for the vertical 10~ Thus the 
pair 4t - 4, 6t + 4 is matched with the vertical lot. e vertical torrents we 
use as stems of double forks are 
8, 16, 24 ,..., 4t - 8, 
and lot, all of which are unfinished in the upper portion of the graph. Fig. 9 
illustrates how the triples are to be chosen. 
We now match the remaining odd arcs 
1, 3, 5, 7 ,... I 6t - I m 
in pairs, with the union of (4) and the unfinished vertical currents 
4, 12, 20 )..., 4t - 20, 4t - 12, 4t + 4 (61 
from the upper part of the graph which were not used on stems of double 
forks and must therefore be used on stems of single ones. 
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FIGURE 8 
‘It-16 
10t 
FIGURE 9 
The odd currents will then appear on the branches of single and double 
forks. This completes the upper half of the graph. Since F5* is satisfied, 
there will be no duplication in the recording of odd currents when circuit [A] 
traverses the tables and the upper horizontal of Fig. 7. The log will contain 
each nonzero element of Z& just once. We thus match pairs from (5) with 
the union of (4) and (6), namely 
4, 12, 20 )..., 12t - 4. 
Thus circuit [A] is completed with the 3t/2 triples shown in Fig. 10. 
--A+- 12t-12 12t-4 “” xifzhfs 
FIGURE 10 
The lower half of the graph, traversed by circuit [B], is completed by 
matching the currents on the vertical rungs traversed by [A] in pairs with the 
collection 
8, 16, 24 ,..., 4t - 8, 
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used on stems of double forks on unfinished verticals in this I 
matching is shown in Fig. 11. The branches of the forks and do 
completed with the collection 
3, 7, 9, 11, 13 ,..., 6t - I, (71 
where 1 and 5 are omitted since they are already traversed in both directions 
by [B]. The currents which still need to be assigned are those on the vertid 
rungs traversed by [A] together with those on un6nished verticals of the 
lower half which were not used on stems of double forks. These form the 
collection 
12, 20, 28 )...) 4t - 20, 4t - 12, 4t, 4t + 4, 4f + 8, 4t + 46, 
4t + 24,..., 12t - 16, 12t - 8, @B 
and circuit [B] is completed by matching the (3t - 2)/2 elements of (8) with 
pairs of (71, satisfying KCL, as shown in Fig. 12. 
. - 
4t-I6 
41 6t-16 6t-8 6t 6i+8 St-16 81-8 8t Bit8 8ttl6 lot-8 i2t-16 12P-6 
FIGURE 11 
4tt4 
FIGURE 12 
So Fig. 7 produces a triangular embedding of .KIzS in an orieuta~l~ 2- 
manifold whenever s 5 0, mod 8. 
1. P. J. NEAWOOD, Map colour theorem, Quart. J. Math. 24 (1890), 332-338. 
2. H. MAHNKE, “Der kritische Fall 0 in der Heawoodschen Vermutung,” Doctoral thesis, 
Free University, Berlin, 1971. 
3. H. MAEXNKE, The necessity of non-Abelian Groups in the Case 0 of the Heawood 
map-coloring theorem, J. Combinatorial Theory Ser. B. 13 (1972), 263-26.5. 
144 PENGELLEY AND JUNGERMAN 
4. G. RINGEL, “Map Color Theorem,” Grundlehren der mathematischen Wissenschaften, 
Bd. 209, Springer-Verlag, New York/Berlin, 1974. 
5. G. RINGEL AND J. W. T. YOUNGS, Solution of the Heawood map-coloring problem, 
Case 11, J. Combinatorial Theory 7 (1969), 71-93. 
6. G. RINGEL AND J. W. T. YOUNG& Solution of the Heawood map-coloring problem, 
Proc. Nat. Acad. Sci. U.S.A. 60 (1968), 438-445. 
7. G. RINGEL AND J. W. T. YOUNGS, Losung des Problems der Nachbargebiete auf orien- 
tierbaren Flachen, Arch. Math. (Basel) 20 (1969), 190-201. 
8. C. M. TERRY, L. R. WELCH, AND J. W. T. YOIINGS, The Genus of K,,, , J. Combinatorial 
Theory 2 (1967), 43-60. 
